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Thermodynamic properties of a lattice model of aqueous mixtures

Radhika Sharma and Deepak Kumar
School of Physical Sciences, Jawaharlal Nehru University, New Delhi 10067, India

~Received 16 March 1998!

The thermodynamic anomalies of water have been studied for a long time by statistical models that incor-
porate the effects of hydrogen bonding in a qualitative manner by adding certain orientational degrees of
freedom. In this paper, we study how these anomalies are carried over to aqueous mixtures, in which the other
component molecules form van der Waals bonds with water molecules as well as among themselves. For this
purpose we adapt a recent model due to Sastryet al., which is quite successful in exhibiting these anomalies
for pure water. In particular, we have studied how anomalous behavior of density and compressibility varies
with composition over a range of temperatures and pressures. We have also obtained a few typical phase
diagrams for these mixtures.@S1063-651X~98!11709-9#

PACS number~s!: 64.70.Ja, 05.70.Ce, 64.60.My, 82.60.Lf
e
o

a

r

el
t

n
en
-
ro
t
re
o
re
a

B
tw
r
s
lo
e
n
p

ns

al
th
e
h
e
p

yet
n of
tes
en-

pic
mic
n-
g of
eous
so
t.
on
The

n-
f
er

ures
p
lso
on-
re
ra-
the
e

se-

the
re-
w
ules
es.

the
.
he
mal
I. INTRODUCTION

Water @1# has long evoked wide theoretical interest b
cause of its various peculiar physical properties. The m
widely studied peculiar properties include the following:~a!
the density anomaly, i.e., the density of water is maximum
4 °C, and its thermal expansivityaP is negative below 4 °C
in some temperature and pressure range.~b! The isothermal
compressibilityKT increases with decrease in temperatu
below a certain temperature (50 °C at normal pressure!. ~c!
The constant-pressure specific heatCp of water is rather
large and also increases as the temperature is lowered b
some value. All these anomalies are further enhanced in
supercooled or metastable regions of water.

There is a general agreement on the microscopic origi
these peculiarities. They have been attributed to the pres
of a hydrogen bond~HB! network in water. The experimen
tal data@2# as well as the detailed microscopic results p
vided by computer simulations@3–6# seem to suggest tha
liquid water is a broken network of HBs where there a
regions of strong linear HBs interspersed with regions
weaker bonding. The strongly bonded or the low energy
gions are characterized by tetrahedral coordination, i.e., e
oxygen atom is surrounded by four hydrogen atoms~of the
neighboring molecules, thus forming a network! located at
the corners of a regular tetrahedron. The formation of H
between two water molecules is possible only when the
are properly oriented with respect to each other. The hyd
gen bonding thus leads to freezing of orientational degree
freedom. Hence the HB regions are characterized by
entropy. The open tetrahedral geometry gives the hydrog
bonded regions of water its low local density. The grou
state of the hydrogen-bonded water characterized by an o
low density structure of low entropy makes ice less de
than liquid water.

The water molecules also have van der Waals~vW! inter-
actions, which are weaker than HBs and are orientation
independent. These interactions acting alone would lower
energy of high density configurations. The weakly bond
regions are characterized by a higher local density and hig
molecular mobility. The molecules in the high density r
gions also have significantly larger orientational entro
PRE 581063-651X/98/58~3!/3405~11!/$15.00
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compared to those in the low density regions@6#. The high
density configurations though have higher internal energy
are more stable at high temperatures as the contributio
orientational entropy to free energy partially compensa
their higher energy as well as the lower configurational
tropy.

Although there is general agreement over the microsco
origin of these anomalies, the issue of the thermodyna
behavior resulting from this microscopic behavior is still u
resolved. We have attempted to gain some understandin
these issues by studying aqueous mixtures. The aqu
mixtures are important in their own right, but they can al
elucidate the role of hydrogen bonding in a larger contex

Thermodynamic properties of mixtures depend mainly
the nature of interactions among its various constituents.
various issues that can be addressed are as follows:

~1! Density anomaly: The temperature of maximum de
sity ~TMD! results from a complex interplay of two kinds o
bonding in water, namely, vW bonding, which favors dens
states and the hydrogen bonding that favors open struct
with lower density. Further, the formation of HBs locks u
orientational degrees of freedom. Thus, entropically a
there is a competition between orientational entropy and c
figurational entropy. For vW bonded high density structu
one gains orientational entropy but may lose in configu
tional entropy. On the other hand the reverse happens for
HB structure. Thus formation of mixture by addition of th
other component~molecules other than water molecules! will
have an effect on the structure of water resulting in a con
quent shift in TMD. It is known@7# that the addition of
entities that result in breaking of HBs thereby reducing
excess volume associated with the open structure of HB
gions of water causes the TMD to shift towards the lo
temperature side. The reverse may happen for the molec
that form HBs with water molecules or among themselv
Thus the nature of bonding~e.g., vW, HB! between the water
molecules and the molecules of the other component of
mixture could have a large effect on the density anomaly

~2! Anomalies in response functions: The effect that t
addition of other components to water has on the isother
compressibilityKT , isobaric heat capacityCp , etc. could
3405 © 1998 The American Physical Society
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also provide insight into the thermodynamic behavior of w
ter.

~3! Supercooled water: Thermodynamic anomalies of w
ter become more pronounced on supercooling. Among
interpretations of this behavior is a postulate put forth
Speedy@8,9#. This postulate, called the stability limit conjec
ture ~SLC!, predicts that in theP-T plane there should exis
a continuous spinodal curve~locus of limits of stability!
bounding the supercooled, stretched~in negative pressure re
gion!, and superheated states. This line marks the point
the P-T phase diagram where the metastable state of liq
water becomes thermodynamically unstable. The existe
of such a curve towards the supercooled side cannot be
perimentally verified as the homogeneous nucleation oc
above this temperature and the instability temperature, wh
is 245 °C at atmospheric pressure, is not accessible.
addition of another component often results in lowering
freezing and boiling points by a considerable amount. Thi
principle can make the instability temperature more acc
sible and provide a way to examine the conjecture. But
is only possible if the addition of the other component do
not also lower the instability temperature or raise the hom
enous nucleation temperature.

~4! Study of phase diagrams of binary mixtures can a
reveal the effect of the addition of the other component
the entropy of the system. In ordinary substances, i.e., s
stances without HB, at high temperatures it is the entropy
mixing that favors the system to exist in homogeneou
mixed state. At low temperatures when the internal energ
the dominating influence on free energy, demixing of pha
is favored.

In the case of aqueous mixtures the system has extra
figurational entropy on account of the orientational degr
of freedom. At the simplest level, depending on their int
action with water molecules, the impurities can either bre
HB’s, thereby releasing the orientational degrees of freed
or conversely they can lock up these degrees of freedom
forming stronger HB’s with water or among themselves. B
for certain impurities water exhibits more complex behavi
The prime example is the clatharate structures in ice, wh
are distortions of hexagonal structure to cubic forms,
forming cages that accommodate these impurities. In the
uid state also for certain impurities large complexes
formed involving several water molecules with a single i
purity molecule@7#.

There have been a good many statistical mechanical s
ies of the thermodynamics of water. As most of the pe
liarities of water are due to the directional nature of the H
any good model should incorporate the following featur
~1! The low temperature state~ground state! of the system
should have an open, low density structure like that of i
~2! Linear HBs can form between two molecules only wh
~a! local configuration is open and~b! the participating mol-
ecules are properly oriented.~3! Increase in local density
with respect to the open structure must result in an incre
in the ~a! local energy and~b! local entropy. Though the
number of models put forth in various studies is large,
single model to date has been able to satisfactorily acco
for the thermodynamic behavior of water over the ent
range of temperature from the supercooled region to the c
cal temperature. For the metastable or supercooled re
-

-
e

y

in
id
ce
x-
rs
h
e

f
n
s-
is
s
-

o
n
b-
f

y
is
s

n-
s
-
k
,

by
t
.
h
y
q-
e
-

d-
-

:

.

se

o
nt

ti-
on

there are mainly two thermodynamic scenarios that rely
distinct mechanisms to explain anomalous behavior. On
the stability limit conjecture due to Speedy@8,9,10–12# dis-
cussed above. Here anomalous behavior of isothermal c
pressibility and isobaric heat capacity comes from the f
that both these quantities must diverge at the spinodal.
retracing of the spinodal is argued to be a thermodyna
consequence of the negative sloping of the locus of den
maxima ~TMD!. The other scenario is due to Pooleet al.
@13#, who argue that a novel, metastable low temperat
critical point is responsible for water’s anomalous behavi
They have also observed that the slope of TMD does
remain negative, but changes sign at negative pressures.
change in sign of the slope removes the thermodynamic
quirement for the spinodal to retrace.

Many lattice models have been proposed to explain
properties of water. Bell@14# proposed a model with mol
ecules centered on the sites of a body-centered cubic lat
each molecule could be oriented in 12 ways. In addition t
favorable bonding energy, the model included an attrac
first-neighbor interaction and three-body repulsion, wh
discourages close packing. Bell solved the problem in a q
sichemical approximation and he obtained the den
maxima. A slight variation of Bell’s model@14# was pro-
posed by Meijeret al. @15#, who introduced a second neigh
bor repulsion instead of the three-body force used by B
The repulsive next nearest neighbor pairs are included
prevent close packing. In this model also the dens
anomaly appears along with a negatively sloped melt
curve between the liquid and a less dense icelike phase

Borick and Debendetti@16#, using the model of Meijer
et al. @15#, have thoroughly investigated the equilibrium an
stability behavior of the model in an improved approxim
tion. Their results include quantitative parameter mapping
the phase behavior and characterization of density anom
and stability limits. Sastryet al. @17# have introduced a
model to incorporate the open structure on a lattice pa
tioned into two sublatticesA andB. In the ground state, one
of the sublattices is completely occupied and the othe
empty. The orientational degrees of freedom are incor
rated by associating a Pott’s variables with every occupied
site. This Pott’s variables i can takeq values out of which
only one is associated with the orientation favoring hydrog
bonding. Sastryet al. @17# have solved this model in the
mean-field approximation and have reported waterlike ph
behavior, density maxima, and a retracing spinodal.

In a later study, however, Sastryet al. @18# presented ar-
guments that establish that anomalies of water may not n
essarily depend on singular behavior in the metastable
gion. They show that the presence of a negatively slo
TMD implies an isothermal compressibility, which must in
crease with decreasing temperature. They have also us
lattice-gas model that captures some of the crucial feature
water ~like density maximum! in a simple statistical way.
This model exhibits behavior qualitatively similar to that o
served in molecular dynamics simulations of water@13#. In
this model the orientational degree of freedom is represen
by a Potts variable at each lattice bond. This is the model
we found very useful for discussing aqueous mixtures. T
model is@18#
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H5
H

kBT
52J(̂

i j &
ninj2dJ(̂

i j &
ninjds i , js j ,i

. ~1!

In Eq. ~1! ni is the occupancy variable at a sitei of the lattice
such thatni51 for every occupied site andni50 for every
vacant site. The Potts variables i j defines the orientation o
moleculei with respect to moleculej and can takeq values.
J is the vW interaction energy andJ1dJ is the energy due
to HB formation.kB is Boltzmann’s constant andT is the
temperature. Clearly, as far as the orientation variables
concerned the model is a gross simplification, as it igno
the correlations between the variabless i j 1

, s i j 2 , . . . , i.e.,
between the bond variables originating from the same site
more appropriate, but considerably more difficult, mode
that of Vause and Walker@19#

H5
1

2(̂i j &
ninj@K21~K12K2!ds is j

#, ~2!

whereni is the usual occupancy variable,s i takesq values,
K1 is the energy of the HB, andK2 is the energy of the vW
bond. Under a simple approximation this model also lead
similar results. Apart from the directional nature~orientation
dependence! another important feature of HB’s is the lo
local density accompanying every HB formation. This fe
ture of HB’s is crucial for density anomaly of water. Th
model of Sastryet al. tries to achieve this goal in a simpl
manner by defining an interaction dependent volume at e
lattice bondi j . The total volume of the system is then th
sum of the specific volume at each lattice bond, which
expressed in terms of an interaction dependent contribu
to volumev i , j . An extra volume is associated with every H
interaction, so thatv i , j5v11dv, wheredv is the extra vol-
ume associated with HB andv i j 5v1 otherwise. Thus the
total volumeV becomes

V5(
^ i , j &

~v11dvninjds i , j ,s j ,i
!

5
N0zv1

2
1dv(

^ i , j &
ninjds i , j ,s j ,i

, ~3!

whereN0 is the number of lattice sites andz is the coordi-
nation number.

It can be seen from Eqs.~1! and ~3! above that the con
figuration of water molecules with strong HB interactio
defines a state of low local energy and low density while t
with weak vW interactions defines a state of high local e
ergy and density. For this type of system the entropy den
is a sum of a configurational part and an orientational p
The free energy for this model is calculated in the mean-fi
~MF! approximation. The partition function is calculated in
special grand canonical ensemble, in which one sums o
not only particle number but also the volume, i.e., the nu
ber of lattice sites. By performing a sum over the Pot
variables i , j or the orientational degrees of freedom, the p
tition function is reduced to an effective lattice gas partiti
function with temperature dependent interaction paramet
The results of this model include anomaly in density a
isothermal compressibility. The locus of temperature
maximum density~TMD! is found to change slope from
re
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negative to positive, thus removing the thermodynamic
cessity of a retracing spinodal. The locus of temperature
compressibility extrema~TEC! has also been explored in de
tail. The main result of the study is the absence of retrac
spinodal bounding the supercooled metastable state of w

There have been many studies on aqueous mixture
their properties in physical chemistry. The statistical m
chanical studies are limited to exploring the phase diagra
of binary mixtures in general, including hydrogen-bond
mixtures. The most well studied of all the models of bina
mixtures is the lattice-gas model of Walker and Vause~WV!
@19,20#. The WV model is quite successful in understandi
the closed loop phase diagrams of binary mixtures.

The WV model has further been explored by Goldste
and Walker@21# and Goldstein@22#. Caflish and Walker@23#
have tried to modify the WV model to incorporate vaporiz
tion in the model. These studies, however, have not con
ered the density and other anomalies of water.

The scope of this study is limited to examining the fo
lowing simpler points about aqueous mixtures:~a! the effect
of the other component on the orientational entropy of
system and its interplay with the usual entropy of mixing,~b!
the study of the volume anomaly associated with HB’s.
this paper we study only those mixtures in which the seco
component molecules form only vW bonds with water m
ecules and among themselves. In the next section we set
lattice gas model for a binary~AB! mixture, in which one
type of molecule~sayAA! has a possibility of HB formation.
We incorporate waterlike properties through the model
Sastryet al. as given in Eqs.~1! and ~3!. We then make a
mean-field approximation and obtain the free energy and
equation of state for the system. These equations are
solved numerically to get the various thermodynamic pro
erties and phase diagrams. The numerical results are
sented in Sec. III and Sec. IV concludes this paper wit
brief discussion of the results.

II. LATTICE MODEL AND FREE ENERGY

In this section we present a lattice gas model for aque
mixtures ~say AB! in which the water molecules(A) are
bonded to other component molecules(B) through vW bind-
ing. The molecules of the other component~other than wa-
ter! of the mixture form only vW bonds with each other a
well as with water molecules. Further there are no orien
tional degrees of freedom associated withB molecules, un-
like water molecules. A binary mixture could be described
terms of occupancy variablesPi

A and Pi
B such thatPi

A(B)

51 if the i th cell is occupied by theA (B) atom ~molecule!
and zero otherwise. TheAA interactions in our model are
both vW and HB type. Our model Hamiltonian is

H52(
i j

@~JAA1dJAAds i , j ,s j ,i
!Pi

APj
A

1JAB~Pi
APj

B1Pi
BPj

A!1JBBPi
BPj

B#, ~4!

whereJAA , JAB , andJBB represent the strength of vW in
teraction between particle pairsAA, AB,andBB, respectively
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anddJAA is the additional energy due to HB formation. In
clusion of orientational degrees of freedom is by associa
Pott’s variable.

To account for the fact that each HB is associated w
increased local volume, we follow exactly the same pro
dure as described by Sastryet al. @18#. We define an inter-
action dependent volume at each lattice sitei . The total vol-
ume of the system then becomes

V5(̂
i j &

~v11dvds i j s j i
Pi

APj
A!

5 N0v0 1dv(̂
i j &

ds i j s j i
Pi

APj
A . ~5!

In the above equation,v05v1z/2. The total volume of the
system thus depends on the number of HB’s present.

For evaluating the partition function for the above Ham
tonian we work in an ensemble in which both the volume
the system as well as the number of particles can be varia
g

h
-

f
le.

Such an ensemble is necessary because the volume is
namical variable here and one is interested in tracking
density anomaly. The partition functionZ in this ensemble is
a function of only the intensive parameters pressureP, tem-
peratureT, and chemical potentialsmA and mB for the two
species, respectively:

Z~P,T,mA ,mB!5(
N0

(
Si ,s i j

3exp@2b~H1PV2mANA2mBNB!#,

~6!

where b5 1/kBT. As noted by Sastryet al., although the
corresponding free energyY(P,T,mA ,mB) is identically
zero, it is still useful for deriving the equilibrium propertie
The fact that partition functionZ[1 provides an additiona
relationship for evaluation of dependent variables@18#. Sub-
stituting the expression forH, V in Eq. ~6!, the partition
function becomes
ctly
tor, i.e.,

e

15(
N0

exp~2bPv0N0!(
Sj

(
s i j

(
$Si %

expFb(
i , j

$JAAPi
APj

A1JAB~Pi
APj

B1Pi
BPj

A!1JBBPi
BPj

B%

1b~dJAA2Pdv !(
i , j

Pi
APj

Ads i , j ,s j ,i
1b(

i
~mAPi

A1mBPi
B!G . ~7!

In the above equation the summation over$s i , j% variables is to be carried out for individual bonds, which can be done exa
here as the partition sum breaks up into independent factors. This summation including the chemical potential fac
exp@(mA /z) (Pi

A1Pj
A)# for one bond, depends on occupancy variablePi

A andPj
A in the following manner:

(
s i , j ,s j ,i

$11@exp~bKpPi
APj

A!21#ds i , j ,s j ,i
%5H 1 if Pi

A5Pj
A50

q exp~b mA /z! if Pi
A1Pj

A51

q2 exp~2b mA /z!@11 ~1/q! „exp~bKp!21…# if Pi
A5Pj

A51,

~8!

whereKp5(dJAA2Pdv). Thus, our partition function takes the form

Z515(
N0

exp~2bPv0N0!(
$Si %

expFb(
i , j

H S JAA1kBT lnF11
1

q
„exp~bKp!21…G D Pi

APj
A

1JAB~Pi
APj

B1Pi
BPj

A!1JBBPi
BPj

BJ 1b(
i

S mA1
kBT

z
ln~q! D Pi

A1mBPi
BJ . ~9!

For convenience of calculation, we introduce a three state spin variablesSi561,0 in terms of which

Pi
A5 1

2 ~Si
21Si !,

~10!
Pi

B5 1
2 ~Si

22Si !,

such thatSi51(21) corresponds to a lattice sitei being occupied by moleculeA(B) andSi50 corresponds to a vacant lattic
site. Thus Eq.~9! takes the form

15(
N0

exp~2bPv0N0!(
$Si %

expFb(̂
i j &

$KeSi
2Sj

21Le~Si
2Sj1SiSj

2!1JeSiSj%1b(
i

~DeSi
21HeSi !G , ~11!

where the various interaction parameters are
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Ke5
1

4 H ~JAA12JAB1JBB!1kBT lnF11
1

q
„exp~bKp!21…G J ,

Le5
1

4 H ~JAA2JBB!1kBT lnF11
1

q
„exp~bKp!21…G J ,

Je5
1

4 H ~JAA22JAB1JBB!1kBT lnF11
1

q
„exp~bKp!21…G J , ~12!

De5
mA1mB

2
1

kBT

2z
ln~q!,

He5
mA2mB

2
1

kBT

2z
ln~q!.

Now we use the mean-field approximation to evaluate the partition function@24#. For this we define two order paramete
as follows:

Q5^Si
2&,

~13!
M̃5^Si&,

where^ & corresponds to ensemble average. The order parameterQ corresponds to the average particle density andM̃ to the
concentration difference between the two species.

In the mean-field approximation the partition function becomes

15(
N0

exp~2bPv0N0!expF2
bN0z

2
~KeQ

212LeQM̃1JeM̃
2!G

3@11exp$b~zKeQ1zLeM̃1De!%2 cosh$b~zJeM̃1zLeQ1He!%#N0. ~14!
i-

to

he
So
en-
This expression has the form

15(
N0

exp@2bPv0N02N0bA~Q,M̃ ,b,D,H !#. ~15!

The sum overN0 is dominated by just one term, which max
mizes the exponent, i.e.,

15exp$2b@Pv01A~Q,M̃ ,b,D,H !#N̄0%, ~16!

whereN̄0 is determined from the equation

Pv01A1 F ]A

]Q

]Q

]N0

N01
]A

]M̃

]M̃

]N0

N0G
N̄0

50. ~17!

However,Q andM̃ are variational parameters, which are
be determined from the condition

]A

]Q
50,

~18!
]A

]M̃
50.

Thus
Pv052A

52
z

2
~KeQ

212LeQM̃1JeM̃
2!

1kBT ln$112 exp@b~zKeQ1zLeM̃1De!#

3cosh@b~zJeM̃12LeM̃1He!#%. ~19!

The variational equations yield

Q5
2 exp~bd1!cosh~bd2!

112 exp~bd1!cosh~bd2!
,

~20!

M̃5
2 exp~bd1!sinh~bd2!

112 exp~bd1!cosh~bd2!
,

where d15(zKeQ1zLeM̃1De) and d25(zJeM̃1zLeQ
1He).

The free energy in Eq.~19!, which is a function ofDe and
He , is not the most appropriate potential for getting t
physical properties of mixtures with fixed concentration.
we perform a Legendre transformation to obtain the free
ergy G(P,T,N,M ), where the independent variableD5De
2 (kBT/2z) ln(q) andH5He2 (kBT/2z) ln(q) have been re-
placed by particle numberN5N0Q and concentration differ-
enceM5M̃ /Q. Note that
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Q5
NA1NB

N̄0

,

M̃5
NA2NB

N̄0

, ~21!

M5
NA2NB

NA1NB
,

whereNA(B) is the number ofA(B) molecules.G is given by

G~P,T,N,M !5Y~P,T,D,H !1D~NA1NB!1H~NA2NB!

5N~D1HM !. ~22!

Denoting

g~P,T,M !5
1

N
G~P,T,N,M !,

we obtain the most convenient free-energy potential for
purpose, viz.,

g~P,T,M !52zQ~Ke12LeM1JeM
2!

1kBTH lnF Q

12QG1
11M

2
lnS 11M

2 D
1

12M

2
lnS 12M

2 D J 2
kBT

z
~11M !ln~q!.

~23!

Eliminating D andH from Eq. ~19! gives us the expressio
for pressure

P52
z

2
Q2~Ke12LeM1JeM

2!2kBT ln~12Q!.

~24!

The free-energy expression forg contains the auxiliary vari-
able Q, which must be eliminated by use of the express
for pressureP. To perform the calculations, one obtains fro
Eq. ~24! the values ofQ for given values ofP, T, andM .
Note thatQ is not a single-valued function ofP, T, andM .
Depending on the parameter values one obtains one, tw
three solutions giving rise to as many branches of free
ergy. For the purpose of studying the thermodynamic ano
lies in the supercooled regime it is the branch correspond
to the density anomaly that is of interest. This branch m
not always be the lowest free-energy branch. For the purp
of studying the concentration-temperature phase diagra
the lowest branch gives the appropriate free energy.

The volume of the system can be derived using the r
tion v5 ]g/]P, to obtain

v5
v0

Q
1

Q

2

dvz

@11~q21!exp~2bKP!#

~112M1M2!

4
.

~25!
r

n

or
n-
a-
g
y
se
s,

-

Equations~23!, ~24!, and ~25! are sufficient for the pur-
pose of studying various thermodynamic properties of aq
ous mixtures.

We explore the density anomaly and thermodynamic
sponse functions, i.e., thermal expansivity (a5 (1/v) ]v/
]T), isothermal compressibility@KT52 (1/v) (]v/]P)T#
and isobaric heat capacity@CP52T(]2g/]T2)P#. The ex-
pressions for these quantities are given below:

a5
1

v F S 2
v0

Q2
1

zdv
2

M1D1D
3FzQ2

2 S G12
KPD1

T D M11kB ln~12Q!GT1

2
Q

2
M1S dvz~q21!bKP exp~2bKP!

D1
2

T D G , ~26!

where

M15S 11M

2 D 2

,

D15
1

11~q21!exp~2bKP!
,

G15 lnF11
1

q
@exp~bKP!21#G ,

and

T15F ~12Q!

kBT2zQ~12Q!~Ke12LeM1JeM
2!G .

Using the above definitions we can write the expression
isothermal compressibility

KT5
1

v F S v0

Q
2

dvz

2
M1D1D 2

T1

1@dv2bQz~q21!exp~2bKP!M1D1
2#. ~27!

Similarly, the isobaric heat capacity is

CP5
kB

2T

Q2 F S ln~12Q!1
zQ2

2
~G12bKPD1!M1G2

T1

1S zQ

2T
bKP

2 ~q21!exp~2bKP!D1
2M1D . ~28!

III. NUMERICAL RESULTS

A. Thermodynamic properties

Using the equations presented in the previous section
study the thermodynamic properties of the system descr
above. We shall focus on the concentration dependenc
anomalous properties like TMD curve,aP , KT , and CP .
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Our model is successful in reproducing anomalies in dens
isothermal compressibility, and thermal expansivity. T
data shown are for the choice of parametersJAB /JAA50.25,
JBB /JAA50.50, dV/V050.953, dJAA /JAA50.25, q5100,
and z54. In all the diagrams belowP is in the units of
JAA /v0 andT is in the unitsJAA /kB .

To get the density anomaly we use Eqs.~24! and~25!. We
eliminateQ from Eq.~25! using Eq.~24!. It should be noted
that Q would have represented the density if we had
included the additional volume associated with hydrog
bonds. It is clear from Eq.~25! that the volume is the sum o
two terms whose dependence on pressure(P) and tempera-
ture (T) are different. It is the second term that gives rise
the anomalous behavior resulting in a minimum in volum
temperature curve. Figure 1~a! depicts theQ versusT curves
for different values of pressure. ThoughQ is a multiple-
valued function we only show the branch that gives rise
anomalous trends in volume. It may be noted that the volu
anomaly does not always occur in the lowest free ene
branch. This means that the density anomaly is carried o
to the supercooled region, which is metastable in the se
that a lower free energy branch also exists at that temp
ture. In Fig. 1~b! are shown the corresponding volumev

FIG. 1. ~a! The Q vs T curve. The three curves shown are f
different fixed pressures: curvea, P520.15, curveb, P520.10,
and curvec, P520.05. It can be seen that these curves do not h
any extrema.~b! The volumev vs T curves where the symbolsa, b,
andc mean the same as in~a!. The arrow indicates the temperatu
of minimum volume or maximum density~TMD!. The units of
various quantities are as follows:Q is dimensionless,T is in the
units JAA /kB , P is in units ofJAA /v0, andv in the units ofv0.
y,

t
n

-

o
e
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er
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versus temperatureT curves. It should be noted that there
no density anomaly in theQ versusT curves.

We track the density anomaly, i.e., the temperature
maximum density~TMD! or minimum volume in thev-T
plane over a range of pressures. The locus of all such po
in the pressure(P)–temperature(T) plane constitutes what is
known as the TMD curve. Since one of our goals in th
study was to understand the effect of addition of the ot
component on the density anomaly, we locate the TMD
theP-T plane for different relative concentrations of the mi
ture. The curves shown in Fig. 2 correspond toM
51.0,0.75,0.50,0.25~decreasingM in our model corresponds
to increasing concentration of the other component of
mixture, asM51.0 corresponds to pure water!. It is clear
from these curves that as we increase the concentration o
second component~sayB! the temperature of maximum den
sity moves towards the lower temperature. This shift can
understood as follows: As the concentration of the sec
component of mixture goes up the number of hydrog
bonds in the mixture go down, resulting in the volume d
crease and the release of orientational degrees of freed
These orientational degrees of freedom lead to an increas
the overall entropy of the system. This increased entrop
responsible for the shift in TMD towards the lower tempe
ture. This result is in accordance with the thermodynam
expectation@7#. Note that the TMD curves do not have
negative slope all through, which as we shall see is con
tent with the absence of a retracing spinodal. The anoma
trend in the coefficient of thermal expansion or thermal e
pansivity aP is related to the volume or density anomal
This is clear from the definition ofaP5(1/v) (]v/]T)P al-
ready given in the last section. TheaP , unlike other normal
liquids, becomes negative at the temperature where volu
becomes minimum or the density becomes maximum.

In Fig. 3, we show some of the representative curves
aP versusT curves. Figure 3~a! corresponds toM51.0 and
in Fig. 3 ~b! we show the curves forM50.50. A comparison
of the two figures reveals that the zero-crossing tempera
~the temperature below whichaP becomes negative! of the
coefficient of thermal expansion has moved towards a lo
temperature, a trend similar to that exhibited by the TM

e

FIG. 2. The locus of the temperature of maximum density TM
for different values ofM : curve a, M50.25; curveb, M50.50;
curvec, M50.75; and curved, M51.00. HereM is a dimension-
less number and the units ofT are the same as in Fig. 1.
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One also notes that the anomaly is enhanced at lower
peratures, which is consistent with the observed behavio

In Fig. 4, we show the curves for the isothermal co
pressibility KT as a function of temperatureT. Figure 4~a!
shows isothermal compressibility isobars for different pr
sures forM51.0. Figure 4~b! shows similar curves forM
50.50 for different pressure. It was observed that the ex
mum of the isothermal compressibility moves towards hig
pressure. The locus of all the temperatures ofKT minima for
different pressures constitutes what is known as the T
~temperature of extremum of compressibility! curve.

In Fig. 5, the TEC curves for different values ofM are
compared. It is clear from these curves that asM decreases
the TEC moves towards higher pressure and lower temp
ture. The addition of other components to water also affe
its critical point and its phase transition temperatures. T
effect can be observed in the pressure(P)–temperature(T)
phase diagrams by tracing the liquid-gas coexistence cur
Figure 6 shows four such coexistence curves correspon
to M51.0, 0.75, 0.50, and 0.25. It can be seen that with
increase in concentration of the other component, the co
istence curves not only move to the low temperature side
also decrease in expanse. The critical point (Tc , Pc) also
goes down withM .

FIG. 3. Coefficient of thermal expansion as a function of te
perature for~a! M51.00 for different fixed pressures: curvea, P
520.38; curveb, P520.34; and curvec, P520.30; ~b! M
50.50 for P520.24 (a), P520.20 (b), and P520.16 (c). The
temperature of zero crossing is marked in the figure.aP is in units
of kB /JAA . The units of the rest of the quantities are the same a
Fig. 1.
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The existence of a retracing spinodal in the supercoo
region of water is one of the issues that is still debat
According to the two prevailing thermodynamic scenar
@8,13#, it is necessary that if the TMD remains negative

-

in

FIG. 4. Isothermal compressibility as a function of temperat
for ~a! M51.0 the three isobars are forP521.00 (a), P520.96
(b), and P520.92 (c); ~b! M50.50 for P520.64 (a), P5
20.62 (b), andP520.60 (c). It may be noticed that the region o
abnormality moves up towards high pressure values. TheKT is in
units of v0 /JAA and other units are same as in Fig. 1.

FIG. 5. The locus of compressibility extrema~TEC! in the
pressure-temperature plane. The four curves are forM50.25 (a),
M50.50 (b), M50.75 (c), and M51.00 (d). As M goes down or
the concentration of the second component increases, the exp
of TEC decreases and it moves to the low temperature side.
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sloped over the entire range of pressures then the spin
must retrace at the point of intersection of the two curves
else the TMD must change slope, removing the thermo
namic necessity on the spinodal to retrace. To get the s
odal we track the isothermal compressibility as a function
temperature. For a given pressure the spinodal temperatu
the temperature at whichKT→`. The spinodal that our
model gives is the liquid-gas spinodal, which terminates
the liquid-gas critical point (Tc , Pc). In Fig. 7 we present
the spinodals obtained for our model forM51.0, 0.75, 0.50,
and 0.25. These spinodals have also been found to follow
same trend as all the other quantities discussed so far.
spinodals also move to the high pressure and low temp
ture side asM goes down. Thus the model does not disp
the retracing of spinodal to positive pressures on the
temperature side, as the basic model on which it is based
has this feature.

In Fig. 8 we show a set of representativeCP versusT
curves corresponding to the metastable branch of free
ergy, which shows a density anomaly. These results s
that in the parameter range studied by us, the specific
CP of the model, unlikeKT , does not exhibit anomalou
behavior.

FIG. 6. The liquid-gas coexistence curves the system un
study in the pressure-temperature plane forM5 0.25 (a), 0.50 (b),
0.75(c), and 1.00(d). The critical point moves down in temperatu
and pressure asM decreases.

FIG. 7. The spinodal curves in the pressure-temperature p
for M50.25(a), 0.50,(b) 0.75(c), and 1.00(d). The response func
tions KT andCP become singular at the spinodal curves.
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B. Phase diagrams

We also present the concentration-temperature (M -T)
phase diagrams for the aqueous mixture using the mo
derived in the previous section. To get the phase diagra
we first obtain solutions forQ for fixed values ofP andT.
There are in general one to three solutions. The free energ
then obtained for each of these solutions. These are
plotted as a function of concentration variableM for each
value ofP andT. If the branches do not overlap, the lowe
branch corresponds to the equilibrium phase. For a sin
mixed phase to be stable the free energy of this branch
globally convex function of the concentrationM . When the
homogeneously mixed phase is no longer stable, the sys
decomposes into two coexisting but distinct phases of dif
ing densities and compositions. This is indicated by the
tersection of the different branches of free energy. The c
centration and densities of the equilibrium phases can
calculated from the free-energy curves by common tang
construction. Sometimes a single phase separates into
phases of different compositions but the same density. T
is indicated by the lack of global convexity of the lowe
free-energy branch. Depending on the values of the vari
parameters of the model there is a possibility of the existe
of a number of different phases. We here present a few
resentative situations. The phase diagrams are considere

er

ne

FIG. 8. Isobaric heat capacityCP as a function of temperatureT
for ~a! M51.0 the different isobars are forP520.50 (a), P5
20.25 (b), P520.05 (c); and ~b! M50.50 curvesa, b and c are
for the same pressures as in~a!. It can be seen that these curves
not show any anomalous behavior.CP is in the units ofkB .



o
o

Th
th

is
-

os

io

g

d

n

a-

dia-

he

e
of

t to
s is
ent
el
m-
n-

to
de
it,
in

dia-
ms,
ia-
ter

alita-
r-
m
ia-

ams
er

sta-
e

that
uld
in
ese
s of
sic

e

3414 PRE 58RADHIKA SHARMA AND DEEPAK KUMAR
der the condition of fixed pressure. We denote byL the
phase corresponding to a smallerQ value. Since in our
modelQ does not represent the true density of the system
account of the extra volume resulting from the formation
HB, this phase may or may not be the low density phase.
true density of the phase is calculated by substituting for
value of Q in Eq. ~25!. The highQ phase is labeled byS.
The phases labeled bya andb differ in concentrationM but
have the sameQ values generally in the range of theS
phase.

Figure 9 depicts a situation where there is complete m
cibility betweenA andB. The dimensionless interaction pa
rameters and pressure used areJAB /JAA55/7 andJBB /JAA
53/7, andP50.2/7. At high temperatures it is theL phase
that is stable, as the temperature is lowered there is a p
bility of the coexistence ofL and S phases. At still lower
temperatures it is theS phase that is stable.

In Fig. 10 we show the phase diagram for the interact
parameters and pressure:JAB /JAA517/23 and JBB /JAA
51.0, andP50.8/23. Now at low temperatures the demixin
of phases is energetically favorable and two phasesa andb
coexist. At a higher temperature a homogeneously mixeS
phase is stable. At a still higher temperatureL coexists with
the S phase. Above this temperature the mixture exists i
singleL phase.

FIG. 9. M vs T phase diagram forJAB /JAA55/7 andJBB /JAA

53/7, andP50.2/7.

FIG. 10. Phase diagram forJAB /JAA517/23 and JBB /JAA

51.0, andP50.8/23.
n
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Figure 11 shows the phase diagram for the following p
rameters: JAB /JAA540/63 and JBB /JAA519/21, and P
52/63. This diagram is referred to as the eutectic phase
gram. It shows the coexistence of three phasesL, a, andb at
one temperatureTE . The other phases can be seen in t
diagram.

IV. SUMMARY AND DISCUSSION

We now present a brief discussion of our results. W
undertook this study to understand how the anomalies
water are affected by the addition of another componen
water. The lattice-gas model we used for aqueous mixture
relevant to those situations in which the other compon
forms vW bonds with the water molecules. Using this mod
we studied how the anomalies in density, isothermal co
pressibility, and thermal expansivity vary with the conce
tration of the other component. The results are according
our expectation. This type of modelling does not inclu
more complex features that water is known to exhib
like complex formation or structural alterations as
clatharates.

We also present concentration-temperature phase
grams. Though we have shown only three phase diagra
our model is capable of producing many more phase d
grams for different parameter values. For the parame
range explored by us, these phase diagrams are not qu
tively different from mixtures with only van der Waals inte
actions@25#. We expect that orientational degrees of freedo
associated with HB’s can produce new kinds of phase d
grams in other situations, such as the closed loop diagr
@19,20#, which arise when unlike molecules form strong
HBs, than the like molecules.

To conclude, we have studied aqueous mixtures from
tistical mechanical point of view by extending a lattic
model of water. These calculations yield several results
need quantitative verification. Such experimental tests wo
help us to make better models of water, in particular,
understanding the quantitative role of hydrogen bonds. Th
also suggest that detailed exploration of phase diagram
aqueous mixtures can also be a fruitful way of probing ba
properties of water.

FIG. 11. Phase diagram forJAB /JAA540/63 and JBB /JAA

519/21, andP52/63.TE is the eutectic temperature at which thre
phasesL, a, andb coexist.
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